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The bounds of concurrence in [F. Mintert and A. Buchleitner, Phys. Rev. Lett. 98 (2007) 140505]
and [C. Zhang et. al., Phys. Rev. A 78 (2008) 042308] are proved by using two properties of the
fidelity. In two-qubit systems, for a given value of concurrence, the states achieving the maximal
upper bound, the minimal lower bound or the maximal difference upper-lower bound are determined
analytically.
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I. INTRODUCTION
Entanglement, which depicts the nonclassical connec-
tion between two parts of a quantum system, has been
recognized as crucial in various field of quantum infor-
mation in recent years [1–7]. Several measures have been
proposed to quantify the degree to which a state is en-
tangled, such as entanglement of formation [8–10], entan-
glement of distillation [11], relative entropy of entangle-
ment [12], negativity [13, 14], and so on. For two-qubit
systems, the entanglement of formation is equivalent to a
computable quantity, which is referred to as concurrence
[9, 10]. The concurrence of a pure two-qubit state |ψ〉 is
given by
C(|ψ〉) =
√
2(1− TrρA2) =
√
2(1− TrρB2), (1)
where ρA = TrB |ψ〉〈ψ| is the partial trace of |ψ〉〈ψ| over
subsystem B, and ρB has a similar meaning. For a mixed
state, the concurrence is defined as the average concur-
rence of the pure states of the decomposition, minimized
over all decompositions of ρ =
∑
j pj|ψj〉〈ψj |,
C(ρ) = min
∑
j
pjC(|ψj〉). (2)
It has been proved in [9, 10] that Eq. (2) can be expressed
explicitly as
C(ρ) = max{0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4}, (3)
in which λ1, ..., λ4 are the eigenvalues of the operator
R = ρ(σy ⊗ σy)ρ∗(σy ⊗ σy) in decreasing order and σy is
the second Pauli matrix.
Recently, many works about detecting entanglement
experimentally have been reported [15–20]. In one of the
existing schemes, the authors of [16, 19] presented observ-
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able lower and upper bounds of the squared concurrence
2
[
Trρ2 − TrρA2] ≤ C2(ρ) ≤ 2[1− TrρA2], (4)
where C(ρ) is the concurrence for arbitrary dimensional
states, taking the definitions in Eq. (1) and (2). These
bounds can be easily obtained by a few experimental
measurements on a twofold copy ρ⊗ρ of the mixed states.
It is shown that the bounds provide an excellent esti-
mation of concurrence for weakly mixed (called quasipure
in [16]) states [19], and they have certain relations with
the degree of mixing for a mixed state and some prop-
erties of the linear entropy. In this letter, we give closer
analysis of the bounds. First, we find the inequality (4)
can be distinctly understood in the viewpoint of fidelity,
which is another important concept in quantum informa-
tion [1, 21–23]. The details are given in Sec. II. To show
the departure of the bounds for a given concurrence, in
Sec. III, the two-qubit frontier states are determined ana-
lytically. Namely, we present the quantum states, which
achieve the maximal upper bound, the minimal lower
bound or the maximal difference upper-lower bound, for
a given value of entanglement. In Sec. IV, we discuss
the relations of the bounds and concurrence or the linear
entropy, and give a brief conclusion.
II. PROOF BY FIDELITY
Fidelity is a measure of closeness of two quantum
states, which is shown to be closely related to entangle-
ment in many aspects [9, 10, 24, 25]. The fidelity between
two states ρ1 and ρ2 of a quantum system R reads [1, 21–
23]
F (ρ1, ρ2) =
[
Tr
(√√
ρ1ρ2
√
ρ1
)]2
. (5)
When ρ1 = |φ〉〈φ| and ρ2 = |ϕ〉〈ϕ| are two pure states,
F (ρ1, ρ2) = Tr(|φ〉〈φ|ϕ〉〈ϕ|) = |〈φ|ϕ〉|2. Let Q be a copy
of R, and |ψ1〉 is a purification of ρ1 and |ψ2〉 of ρ2 into
RQ, then
F (ρ1, ρ2) ≥ F (σ1, σ2) = |〈ψ1|ψ2〉|2, (6)
2where σ1 = |ψ1〉〈ψ1|, σ2 = |ψ2〉〈ψ2|, and TrQσ1 = ρ1,
TrQσ2 = ρ2. It is proved in [26], that fidelity can be
bounded above by the so called super-fidelity G(ρ1, ρ2):
F (ρ1, ρ2) ≤ G(ρ1, ρ2)
= Trρ1ρ2 +
√
(1− Trρ21)(1− Trρ22)
≤ 1. (7)
When ρ1 and ρ2 are two pure states, G(ρ1, ρ2) =
Trρ1ρ2 = F (ρ1, ρ2). The following is the proof of the in-
equality (4) by using the properties of fidelity and super-
fidelity mentioned above.
Proof. Suppose {|ψi〉} is an decomposition minimiz-
ing the average concurrence in Eq. (2), ρi = |ψi〉〈ψi|,
and ρ =
∑
i tiρi, where
∑
i ti = 1. The reduced den-
sity operator ρA =
∑
i tiρ
A
i , where ρ
A
i = TrBρi. It is
straightforward to obtain
C2(ρ) = 2
∑
i,j
titj
√[
1− TrρAi
2][
1− TrρAj
2]
,
Trρ2 =
∑
i,j
titjTr(ρiρj), (8)
TrρA
2
=
∑
i,j
titjTr(ρ
A
i ρ
A
j ).
Then, one can notice that
1 ≥ Tr(ρAi ρAj ) +
√[
1− TrρAi
2][
1− TrρAj
2]
= G(ρAi , ρ
A
j ) ≥ F (ρAi , ρAj ). (9)
On the other hand, ρi and ρj are two purifications of ρ
A
i
and ρAj , we obtain
1 ≥ G(ρAi , ρAj ) ≥ F (ρAi , ρAj ) ≥ F (ρi, ρj) = Tr(ρiρj).(10)
Hence,
2 ≥ C2(ρ) + 2TrρA2 = 2
∑
i,j
titjG(ρ
A
i , ρ
A
j )
≥ 2
∑
i,j
titjTr(ρiρj) = 2Trρ
2.(11)
This ends the proof.
III. FRONTIER STATES
In the above section, we show the properties of the
fidelity lead to the upper and lower bounds of squared
concurrence in Eq. (4). For the sake of brevity, we adopt
the tangle [27] to replace concurrence, τ = C2. It is
bounded by τL ≤ τ ≤ τU , where
τL = 2Trρ
2 − 2min{TrρA2,TrρB2},
τU = 2− 2max{TrρA2,TrρB2}. (12)
The aim of this section is to derive the quantum states
achieving the maximal τU , the minimal τL or the max-
imal their difference ∆ = τU − τL, for a given value of
τ . These frontier state are denoted as ρU , ρL and ρ∆
respectively in the following paragraphes. We only con-
sider the two-qubit case, for which the concurrence has
the exact formula as Eq. (3).
A. Frontier state of τU , ρU
It is easy to obtain, when the purities of the two sub-
system TrρA
2
= TrρB
2
= 1
2
, τU = 1 achieves the max-
imum. A straightforward choice of the frontier of τU is
the isotropic state or say the Werner state [28, 29]
ρU = ρW =
1− x
4
I2 ⊗ I2 + x|Φ+〉〈Φ+|, (13)
where I2 is the 2 × 2 identity matrix and |Φ+〉 =
[|00〉 + |11〉]/√2 is one of the Bell basis. Then τ(ρU ) =[
max{0, 3
2
(x− 1
3
)}]2 and τU (ρU ) = 1 for any value of
tangle.
B. Frontier state of ∆, ρ∆
The difference between the upper and lower bounds
can be written as
∆ = 2
[
1− Trρ2]− 2∣∣TrρA2 − TrρB2∣∣. (14)
The first part of Eq. (14) is the linear entropy [30], a mea-
sure for the degree of of mixture of the quantum state. In
[31], the authors present a class of maximally entangled
mixed states :
ρMEMS =


g(γ) 0 0 γ/2
0 1− 2g(γ) 0 0
0 0 0 0
γ/2 0 0 g(γ)

 , (15)
with g(γ) = 1/3 for 0 ≤ γ ≤ 2/3 and g(γ) = γ/2 for
2/3 ≤ γ ≤ 1. For a given value of tangle, its linear
entropy
2
[
1− TrρMEMS2
]
= 4g(γ)
[
2− 3g(γ)]− γ2, (16)
reaches the maximum over all the two-qubit states, with
τ = γ2. Straightforward calculations indicate the two
subsystems have the equivalent purities TrρAMEMS
2
=
TrρBMEMS
2
= 2g2(γ) − 2g(γ) + 1. Therefore, the state
in Eq. (15) makes ∆ maximal, ρ∆ = ρMEMS , and the
3FIG. 1: Plot of (a) 30000 randomly generated states in the τU -
τ plane; (b) and (c) 30000 randomly generated states weighted
in the τL-τ and ∆-τ planes. The curves in the planes are ρU
(dashed), ρL (solid) and ρ∆ (dot-dashed). The small triangles
in the planes indicate an intermediate state between ρU and
ρ∆.
corresponding maximum equals the linear entropy in Eq.
(16).
C. Frontier state of τL, ρL
The region of the two-qubit states in the τL-τ plane is
shown in Fig. 1(b). The state ρL, with the minimal τL
for a given τ , achieves the maximal τ when the value of
τL is fixed. To derive ρL, we postulate it take the ansatz
form
ρansatz =


x+ γ/2 0 0 γ/2
0 a 0 0
0 0 b 0
γ/2 0 0 y + γ/2

 , (17)
with the non-negative real parameters, x+y+a+b+γ =
1. It comprises a mixture of the Bell state |Φ+〉 and a
mixed diagonal state. There are two reasons for choos-
ing this ansatz state. (i) The frontier states ρU and ρ∆
determined above are relating to this form of ρansatz. As
shown in Fig. 1(a), when the tangle takes a large value,
for instance 0.8 or larger, τU of ρ∆ is close to 1, moreover
its ∆ is the maximum. This indicates ρ∆ is a candidate
for the frontier ρL. (ii) For a pure state, the lower bound
τL = τ . When the state is mixed, τL deviates from the
tangle τ . This can be shown by a special type states in
Fig. 3(d), which will be discussed in Sec. IV. Therefore,
we can speculate the value of τL is a token of purity of a
state. Otherwise, all the maximally entangled states for
a given degree of mixing derived in [31, 32] take the form
in Eq. (17), with various combinations of entanglement
and mixedness measures.
The tangle of ρansatz is given by
τ =
{
max{γ − 2
√
ab, 0}}2, (18)
with the maximum τ = γ2 when b = 0, as shown in
[31]. One can surmise directly TrρA
2
= TrρB
2
, when
τL reached its minimum for a fixed τ , which requires
x = y = (1 − a − γ)/2. Then, the lower bound is given
by
τL = 2a
2 − 2a+ γ2, (19)
with a ∈ [0, 1− γ]. The upper bound of a holds x = y ≥
0. Therefore, when 1 − γ ≥ 1/2, or say γ ≤ 1/2, the
minimum points of τL are a = 1/2 and x = (1 − 2γ)/4.
In the other region γ ≥ 1/2, the optimal solution occurs
when a = 1 − γ and x = 0. Thus, the frontier state,
achieving the minimal τL for a fixed τ , can be written in
the same form as ρ∆
ρL =


f(γ) 0 0 γ/2
0 1− 2f(γ) 0 0
0 0 0 0
γ/2 0 0 f(γ)

 , (20)
with f(γ) = 1/4 for 0 ≤ γ ≤ 1/2 and f(γ) = γ/2 for
1/2 ≤ γ ≤ 1. For a given degree of entanglement τ = γ2,
its τL is given by
τL =
{
γ2 − 1/2, 0 ≤ γ ≤ 1/2 ;
3γ2 − 2γ, 1/2 ≤ γ ≤ 1 . (21)
To verify the frontier state ρL, we randomly generate
one million two-qubit matrices, which indicate the re-
gion of physically acceptable states in the τL − τ plane
is encircled perfectly by the curve of the state in Eq.
(20). We plot the curve comparing with 30000 weighted
random states, namely the mixtures of random states
and ρL with random weights, in Fig. 1(b). The curve
joins with the one of ρU at (τ, τL) = (0,−1/2), where
ρL =
[|00〉〈00|+|11〉〈11|+2|01〉〈01|]/4 and ρU = I2⊗I2/4.
When γ ≥ 2/3, ρL = ρ∆; and when γ < 2/3, the values
4of τL for ρL and ρ∆ are less than 0.
D. Frontier state of ∆R, ρ∆R
In the above discussion, we notice, when the degree of
entanglement τ ≤ 4/9, the lower bound τL has the possi-
bility of being less than 0. But the value of concurrence,
as a good defined entanglement measure, should be non-
negative [33, 34]. This suggests a more reasonable lower
bound of the squared concurrence should be corrected as
τLR = max{τL, 0}, (22)
whose difference with the upper bound is given by
∆R = τU − τLR =
{
τU , τL < 0 ;
τU − τL, τL ≥ 0 . (23)
Then, both the frontier states ρL and ρ∆ correspond with
the minimal τLR for a given value of τ . A subsequent
question arises: what is the frontier state ρ∆R , which
achieve the maximal ∆R for a given τ?
There are two regions of τ , where the frontier state
ρ∆R can be determined directly. The first one occurs for
τ ≤(2−√3)/2, and the second for τ ≥ 4/9. In the former
case, the τL of ρU or say the Werner state is less than 0,
whose τU = 1. Hence, ρ∆R = ρU = ρW in this region. In
the later case, ρ∆R = ρ∆ = ρMEMS , since τL ≥ 0 for all
the two-qubit states with τ ≥ 4/9.
In the in-between region with
(
2 − √3)/2 < τ < 4/9,
τL(ρW ) = (−1 + 2
√
τ + 2τ)/3 > 0 and τL(ρMEMS) =
−4/9 + τ < 0. Their upper bounds of tangle are con-
stants, τU (ρW ) = 1 and τU (ρMEMS) = 8/9. One can im-
age an intermediate state, as shown by the black triangles
(N and H) in Fig. 1, whose τU and τL are intermediate
between the ones of ρW and ρMEMS . When it transforms
from ρMEMS to ρW , as expressed by the directions of the
triangles, τU and τL are enhanced, whereas ∆ decreases.
Considering the relations in Eq. (23), we can postulate
the maximum of ∆R occurs when τL = 0. The Werner
state and ρMEMS , in this region, can be uniformed by
ρN =
1
2


1− S 0 0 γ +√S2 −M2
0 S +M 0 0
0 0 S −M 0
γ +
√
S2 −M2 0 0 1− S

 ,
with the parameters 0 ≤ M ≤ S ≤ 1, (√3 − 1)/2 <
γ < 2/3, and the tangle τ = γ2. When S = M = 1/3,
ρN = ρMEMS ; and when S = (1 − γ)/3 and M = 0, ρN
returns into the Werner state in term of the concurrence
γ [32].
Taking the intermediate state ρN as a candidate for
ρ∆R , we will determine the values of S andM for a given
γ in the following. The bounds of tangle for the state ρN
FIG. 2: Curve of ρ∆R is plotted in the ∆R− τ plane, in com-
pany with 30000 random states weighted based on it. Upper
right is the magnified region nearby the two critical points,
τ =
(
2−
√
3
)
/2 and τ = γ2c
are given by
τL = −2S(1− S) + (γ +
√
S2 −M2)2,
τU = 1−M2. (24)
The condition τL = 0 leads to
M =M(S) =
√
S2−[√2S(1− S)− γ2]2, (25)
with S ∈ [S−(γ),S+(γ)]. Here, S±(γ) = (1 ±√
1− 2γ2)/2 keep the value of √S2 −M2 to be non-
negative. Under such a condition, the maximum of ∆R
occurs at
S = S(γ) =
{
S0(γ),
(√
3− 1)/2 < γ < γc
S−(γ), γc < γ < 2/3 , (26)
where γc ≈ 0.38218, and S0(γ) is the root of the equation
∂SM(S) = 0 in the region [S−(γ),S+(γ)].
Comparing the solutions of ρ∆R for the three regions
of τ , one can find it can be expressed in the form of ρN
with
(S,M) =


(
(1− γ)/3, 0), 0 ≤ γ <(√3− 1)/2;(S(γ),M(S)), (√3− 1)/2 ≤ γ ≤ 2/3;(
1− γ, S), 2/3 ≤ γ ≤ 2/3.
(27)
This frontier state ρ∆R has been verified by one million
random two-qubit states. In Fig. 2, we show the curve of
ρ∆R in the ∆R−τ plane, in company with 30000 random
states weighted based on it.
IV. DISCUSSION AND CONCLUSION
In this letter, we show the properties of the fidelity
lead to the upper and lower bounds of the squared con-
currence for a biparticle system. The bounds are closely
related to the schemes to observe entanglement experi-
mentally. The two important concepts in quantum infor-
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FIG. 3: Plot of the errors of the bounds, τU − τ and τ − τL,
versus τ and ∆, for the generalized Werner states. The curves
show the results of θ = pi/4 (solid), θ = pi/6 (dashed), θ =
pi/12 (dot-dashed) and θ = 0 (dotted).
mation, entanglement and fidelity, have been pointed out
to be related to each other in many aspects [9, 10, 24, 25].
Recently, the relation between entanglement and Berry
phase begins to attract the attention of researchers [35].
On the other hand, the Uhlmanns mixed state geomet-
ric phase has the inherent connection with fidelity [36].
These suggest the bounds investigated in this letter may
induce some characters of the geometric phase of mixed
state.
As a further research of bounds of the squared con-
currence, limited to the two-qubit case, we derived the
frontier states, which corresponding to the maximal up-
per bound, the minimal lower bound or the maximal dif-
ference between the bounds, for a given value of concur-
rence. We also determined the state achieving the maxi-
mal difference between the upper bound and the modified
lower bound, which was defined as the maximum of 0 and
the lower bound. All of these frontier states were relating
to this form of ρansatz in Eq. (17), a mixture of a Bell
base and a mixed diagonal state.
We haven’t discussed more general properties of the
bounds in this letter. Instead, we exhibit some charac-
teristics, in Fig. 3, by a family of generalized Werner
states [37],
ρW (θ) =
1− x
4
I2 ⊗ I2 + x|Φ(θ)〉〈Φ(θ)|, (28)
which are the mixtures of an entangled pure state
|Φ(θ)〉 = cos θ|00〉+sin θ|11〉 with the completely random
state. One can notice, for a given value of entanglement,
both the largest errors of the upper and lower bounds oc-
curs when θ = pi/4, corresponding with the originally de-
fined Werner state in Eq. (13). When the linear entropy
(equalling to ∆ here) increases, the errors are enhanced
monotonously. These results provided the preparatory
knowledge to derive the frontier states in Sec. III.
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